A non perturbative approach is used to solve the problem of a rigid linear molecule with both a permanent dipole moment and a static dipole polarizability, in a static electric field. Eigenenergies are obtained and compared to perturbative low field and high field approximations. Analytical expressions for the orientation parameters and for the gradient of the energy are given. This non perturbative approach is applied to the simulation of beam deviation experiments in strong electric field. Results of simulations are given for inhomogeneous alkali dimers. For LiNa, the simulations are compared to experimental data. For LiK, deviation profiles have been simulated in order to prepare future experiments on this molecule.
Introduction
The deviation of molecular beams in a strong inhomogeneous electric field has been used to measure the electric polarizability of small molecules and clusters [1] . This is quite straightforward for non polar molecules. The deviation is due to the interaction of the electric field with the induced dipole of the molecule. In first approximation, one can interpret the experimental results by assuming that all the non polar molecules are deviated by the same amount which is proportional to the average polarizability of the molecule [1] [2] [3] . In contrary, for molecules with a permanent electric dipole, the deviation is due to the interaction of the electric field with both the induced dipole and the permanent dipole. This second term depends on the cosine of the angle θ between the molecular axis and the direction of the electric field. It induces a broadening of the molecular beam. This broadening has been observed in "two-wire" electric field experiments [4] [5] [6] or multipole electric field experiments [7] [8] [9] . The analysis of the deviation has to take into account the rotational motion of the molecule. The simplest approach is to consider the interaction energy with the external electric field as a perturbation to the rotational part of the Hamiltonian and to determine the first order and second order corrections to the unperturbed rotational levels of the molecule [2, 5, 10] . a e-mail: benichou@lasim.univ-lyon1.fr b UMR 5579 du CNRS However this approach can only be applied if the interaction energy with the external field is small as compared to the rotational energy of the molecule. If not, the field induces a significant torque on the molecule and the rotational wave functions can be strongly modified. This effect has been used to produce molecular beams with aligned molecules in strong static field [11] [12] [13] [14] [15] [16] or intense laser field [17] . Theoretically, the energy levels and the alignment of linear molecules (pendular states) have been studied by Friedrich and Herschbach [16, 18] . They gave non perturbative solutions for polar-non polarizable molecules (µ = 0 and α = 0) and for non polar-polarizable molecules (µ = 0, α = 0). For the molecule LiNa that we have recently studied in electric deviation experiments [5] and for the electric field that we are using, the contributions of the induced dipole and of the permanent dipole are in the same order of magnitude and neither term can be neglected. In fact, for low J values, the deviation is mainly due to the interaction with the permanent dipole, while the polarizability term is dominant for large J values.
In order to interpret and to predict results for experiments which involved deviation of molecules in a static electric field, we have solved the problem of a rigid rotator in interaction with a strong electric field. This calculation is done for polar and polarizable linear molecules (µ = 0 and α = 0). The known problems of polar-non polarizable (µ = 0 and α = 0) and non polar-polarizable (µ = 0, α = 0) molecules are particular cases of the present general process. Eigenenergies and eigenfunctions as well as
234
The European Physical Journal D derivatives of the energy with respect to the field are obtained. The values for the energy are also compared to approximate values obtained by a perturbative method in the low field limit and by an asymptotic expansion in the strong field limit. We focus our numerical results on heteronuclear alkali dimers such as LiNa for which we have obtained experimental results [5] and LiK and LiRb which, being by far more polar than LiNa, cannot be investigated accurately at our experimental field strength by perturbative approaches. The non perturbative approach is presented in Section 2. It is followed, in Section 3, by a discussion of eigenenergies, orientation parameters and molecular beam deviations of LiNa, LiK, and LiRb. Closing remarks are given in Section 4.
Theory

Eigensolutions
We consider a linear rotor in a 1 Σ state interacting with a uniform electric field ε. The molecule has a permanent electric dipole moment µ along the molecular axis and a static dipole polarizability with two components α and α ⊥ parallel and perpendicular to the molecular axis. The Schrödinger equation is:
with
The first term in the right hand of equation (2) is the free rotational Hamiltonian of the molecule. The second and third terms are the potential parts of the Hamiltonian due to the induced and permanent dipole moment in the external field ε:
In equations (2-4) J is the angular momentum vector, B the rotational constant, θ the polar angle between the molecular axis and the electric field direction. E and Ψ are the eigenenergy and eigenfunction to be determined. The expression for J 2 in spherical coordinates is:
ϕ is the azimuthal angle. Equation (1) is separable and the wavefunction may be factorized:
where M is a good quantum number. The Schrödinger equation obtained from equation (2) reduces to a spheroidal wave equation:
where z = cos θ. The dimensionless parameters ∆ω and ω are given by:
(positive for linear systems) (8)
The energy is given by:
For ∆ω = 0 and ω = 0, the eigenfunctions coincide with the spherical harmonics Y M J and the eigenvalues are
If the terms of interaction with the electric field are small compared to the rotational term, the eigenenergies and the eigenfunctions can be estimated with a perturbative approach [2, 5, 10, 19] . In the low electric field limit, the perturbative energy for a level J, M is given by:
On the other hand, if the rotational energy is small as compared to the terms due to the interaction with the electric field, the rotation is blocked. In the high field limit, the energy of the system tends toward the energy of a twodimensional harmonic oscillator. The formula for (µ = 0, α = 0) and (µ = 0, α = 0) are given by Friedrich and Herschbach in reference [19] . Here, for (µ = 0, α = 0) using the asymptotic expansion method described in reference [20] we obtain:
In the general case, the Schrödinger equation can be solved to any accuracy by using a finite expansion of the wave functions in terms of spherical harmonics:
are functions of ω and ∆ω. In this paper, we have used the spheroidal wave equation (Eq. (7)) to solve this problem in order to follow the technique and the notations used by previous authors [16, 18] . The pentadiagonal matrix (Eq. (14)) can also be obtained by projecting the Hamiltonian (Eqs. (1, 2) ) on the spherical harmonics basis and directly introducing the notation of the "3j" coefficients. It should be noted that for polar-non polarizable molecules (∆ω = 0) as well as for non polar-polarizable molecules (ω = 0), the matrix A A reduces to a tridiagonal form. For the latter case, A A J,J and A A J,J±2 terms are the only non zero elements of the matrix. The present process contains the two previously solved problems (µ = 0, α = 0) and (µ = 0, α = 0) as particular cases.
Alignment and orientation
For a given eigenstate described by the wavefunction ψJ ,M (θ, ϕ), the probability distribution of θ is given by:
A second method to calculate this distribution is to expand n(θ) in terms of Legendre polynomials:
where
The expansion coefficients b n are functions of the expectation values of cos n θ over the wavefunction ψJ ,M (θ, ϕ). Analytic expressions for b n (n = 1 ... 4) are given in Appendix B. The values of cos(θ) and cos 2 (θ) can be interpreted as orientation and alignment parameters respectively [16, 18] .
Derivatives of eigenenergies with respect to the electric field
In our experiments, static dipolar polarizability and/or permanent dipole moment are obtained by measuring the deflection of a cluster beam in an inhomogeneous electric field. In the electric field the force g acting on the molecule is equal to the opposite of the gradient of the energy. This force is proportional to the gradient of the electric field and the first derivative of the energy with respect to the electric field:
The evaluation of the first derivative of the energy with respect to the electric field ∂E/∂ε is necessary to interpret our experiments. This derivative is obtained by using the Hellman-Feynman theorem. The Hamiltonian H (Eq. (2)) being hermitian and the wavefunctions ψJ ,M being orthonormalized, the derivative ∂EJ ,M /∂ε is given by:
The force due to the permanent dipole is proportional to the orientation parameter z and the force due to the asymmetric part of the polarizability is proportional to the alignment parameter z 2 . The matrix elements
Results
Calculations have been performed for the three molecules LiNa, LiK and LiRb in their ground state X 1 Σ + . They require input data such as the permanent dipole µ, the components of the static dipole polarizability α and α ⊥ and the rotational constant B. B is evaluated from the equilibrium internuclear distance R e and the reduced molecular mass m r :
For the ground state of LiNa, we use our experimental values of µ and α, previously deduced from the measurement of the deviation of a LiNa supersonic beam in an inhomogeneous electric field [5] . In this previous study, we approximated the LiNa energy in the electric field by perturbation and used the experimental value of reference [21] for R e . For the ground state of LiK and LiRb, we have calculated R e , µ and the components α and α ⊥ of the static dipole polarizability in a Density Functional Theory approach using Gaussian 94 [22] . We used the Perdew-Wang 91 [23] functional (DFT/PW91) and the Sadlej-Urban basis sets [24] . Values for R e , B, µ, α and α ⊥ are reported in Table 1 Table 1 . Equilibrium distance, rotational constant, dipole moment and static dipole polarizability for LiNa, LiK and LiRb molecules.
Molecule
Re (Eq. (8)), ω (Eq. (9)) and ω ⊥ (Eq. (10)) are reported in Table 2 for an electric field ε = 2×10 7 Vm −1 for the three molecules. While the two parameters of the induced dipole moment increase by a factor of 2 for ω ⊥ and 3 for ∆ω, the parameter ω due to the permanent dipole increases by a factor of 16 from LiNa to LiRb. Table 3 compares the rotational energy of the free rotor to the second order corrections in energy due to the induced and the permanent dipoles. The corrections are calculated using equation (11) . This table shows that the correction due to the polarizability little depends on the rotational state of the molecule while the perturbative correction due to the permanent dipole decreases as J increases. For a ratio of the potential terms with respect to the rotational energy small compared to 1, perturbation theory is an appropriate approach. For larger ratios perturbation theory fails and the non perturbative approach is the appropriate method.
Eigenenergies
For each molecule and for the various values of the electric field ε, eigenenergies and eigenfunctions are obtained by diagonalizing the matrix A A for each value of M (Eq. (14)). The non vanishing elements of this matrix are evaluated for the molecular values of µ, α , α ⊥ and B reported in Table 1 with the expressions given in Appendix A.
The number of terms in the expansion of the wave function (Eq. (13)) is determined so that eigenenergy values are stabilized to a given accuracy when increasing J max . In the present calculations, we used Eigenenergies E/B for ε = 2 × 10 7 Vm −1 are given in Table 4 for the statesJ = 0-3, 5, 10 with M = 0 ...J for the three molecules LiNa, LiK, LiRb. The energies for the statesJ = 0, 5, 15 are plotted as a function of ε in Figures 1 and 2 for LiNa and LiK respectively. The corresponding curves for LiRb are similar to that for LiK and are not reported here. The main effect of the electric field is to break the degeneracy in M . The energy of a molecule depends on its orientation in the electric field. For LiNa andJ = 15, the contribution to the energy due to the permanent dipole and the asymmetric part of the polarizability are small as compared to the rotational energy of the molecule. Moreover, forJ ≈ 15 they cancel each other. In this case, the only effect of the electric field is a small decrease in the energy of the molecule. For different values of J, there would be a small splitting of the rotational sublevels. The compensation of the two terms would be for a different value of J for another molecule. In Table 4 , we also give the results of the perturbative approach (Eq. (11)). As expected, the perturbative approach fails when the potential terms are not small compared to the rotational energy of the free rotor (see Tab. 3). At ε = 2 × 10 7 Vm −1 for LiNa, the perturbative approximation in the low field limit cannot be used for the statesJ = 0, 1. ForJ ≥ 3, the perturbative approximation is excellent and its accuracy increases with increasing J to reach δ ≈ 10 −4 % forJ = 15. It should be noted that approximating the energy E/B with equation (11) as we did in our previous work to deduce µ andᾱ from our experiments on LiNa was totally justified. The situation is not the same for LiK and LiRb. These molecules have a stronger permanent dipole and the accuracy of the perturbative approximation is not good.
The results of the high field approximation (Eq. (12)) are reported here (Tab. 4) only for LiRb which has the strongest permanent dipole. For rotational levels withJ ≤ 5, this approximation is better than the value obtained from equation (11) and is quite good for the first rotational levels.
Orientation parameters
In our experiment, as mentioned is Section 2, the deviation of the molecules is related to the orientation and alignment parameters in the electric field. In other experiments like collision experiments with oriented molecules, the calculation of this parameter is also needed to interpret experimental results.
The expectation values of cos n θ for n = 1 ... 4 have been evaluated with the formulas (B.1-B.4) for various values ofJ and averaged over M states:
As an illustrative example, the variation of cos θ J with the electric field ε is plotted in Figure 3 for the states J = 0-5 of LiNa. The quantity cos θ J is strongly related to the dipolar term ω = µε/B. It measures the degree of orientation of the molecule. Only polar molecules can be oriented in a static field (Eq. (B.1)). Non polar diatomic molecules cannot be oriented but they can be aligned ( cos 2 θ J ,M = 0) [18] . In Figure 3 , the largest values of cos θ J are obtained forJ = 0. Orientation for J ≥ 5 at the displayed range of field strength is negligible.
To study the molecular orientation, it is convenient to display the distribution n(θ) for a given electric field. The distribution of the molecular axis n(θ) (Eq. (15) orientation occurs forJ = 1, but forJ = 3 andJ = 5, the distribution is flat. For LiK, the orientation around θ = 0 occurs forJ = 1, 3, 5. For this molecule and for these states, the value of µε is greater than the rotational energy of the molecule (ω 1). The rotation is hindered. In Figures 4 and 5 , we have also plotted the distribution obtained from the expansion in Legendre polynomials (Eq. (16)). For both molecules, expansions to the fourth order are a good representation of the exact distributions for the value of the electric field considered here. Convergence of (Eq. (16)) was considered for the stateJ = 1 of LiK. A reasonable description has to include terms up to cos 3 θ J .
Derivatives of the energy
The derivative of the energy with respect to the electric field corresponds to the quantity which is measured in beam deviation experiments. In an inhomogeneous electric field, the force on the molecule is proportional to this derivative (Eq. (18)). The energy gradient with respect to field strength (−∂E/∂ε) for LiNa is reported in Figure 6 for selected states. The derivative depends strongly on the rotational level of the molecule. ForJ = 0, the derivative increases rapidly with the value of the electric field. For rotational states of lowJ values, the force due to the inhomogeneous electric field will induce a separation of the different M sublevels. For states withJ ≥ 10, the value of the derivative is mainly due to the term proportional to the average polarizability. This term does not depend on the values ofJ or M . ForJ ≥ 10, the force will little depend on the rotational level of the molecule. Moreover, for all the states withJ ≥ 2, there is no orientation of the molecule in the electric field (see Figs. 3 and 4, Tab. 4), the perturbative approach is correct and the evolution of the value of (−∂E/∂ε) is linear with the electric field. The derivative of the energy with respect to the electric field (−∂E/∂ε) is plotted in Figure 7 for several states of the molecule LiK. For LiK, the force is mainly due to the interaction of the electric field with the permanent dipole. Several differences between Figures 6 and 7 are observed. First, note that the vertical scales in the two figures are different. The derivative (−∂E/∂ε) and then the forces on this molecule are more than one order of magnitude larger than for the molecule LiNa. Second, for LiK the orientation of the molecules cannot be neglected. ForJ = 0 and an electric field strength of the order of 10 7 Vm −1 , (−∂E/∂ε) is almost constant. LiK molecules inJ = 0 state are strongly oriented. The derivative which is here in first approximation equal to µ cos θ does not depend on the value of ε. ForJ = 5, the derivative of the energy for several sublevels is negative. These sublevels are anti-oriented ( cos θ J ,M < 0) and the molecules will be deviated toward the low electric field region.
Deflection of molecular beam
In this section we simulate experimental data of a deflected molecular beam of LiNa [5] on the basis of the above outlined procedure. The experimental set up and results are described in reference [5] . Briefly, the LiNa molecules are produced in a seeded molecular beam. The molecular beam is collimated by two slits. It is deviated 1 m after the source in a 15 cm long deflector which produces a strong inhomogeneous electric field. The experimental value of the electric field on the beam axis is equal to ε = 1.7 × 10 7 Vm −1 . The molecules are excited and ionized (Two Photons Ionization technique) 1 m after the deflector in the extraction region of a time of flight mass spectrometer. The deviation d is measured in the region of ionization (see Ref. [5] for details). The force (Eq. (18)) and the deviation d of the beam are proportional to the gradient of the energy of the molecule in the electric field: Calculated deviations are obtained from the derivative of the eigenenergies and using (Eq. (22)). To compare calculated profiles to experimental profiles, a Gaussian profile in the z-direction is assumed for the shape of the beam before the deflection. Figures 8 and 9 show an excellent agreement between calculated and experimental profiles. In particular, the broadening of the beam for low J values is well reproduced. The broadening is due to the potential term V µ . For large values of J, the influence of this term decreases (see Tab. 3) and no significant broadening is expected (see Fig. 6 ). Figure 10 shows the calculated deviations for the LiK molecule for J = 5. As already mentioned, the effect of the electric field is much stronger for LiK than for LiNa. The term due to the permanent dipole is larger for LiK than for LiNa ((ω) LiK /(ω) LiNa ≈ 16). For low J value, the electric field would induce a strong spreading of the beam with a separation of the different sublevels. Each peak in Figure 10 corresponds to a given Stark sublevel of the molecule (a well defined |M | value). Due to the anti-orientation of some sublevels, the beam is spread in both directions in the deflector (toward high and low electric field regions). Beyond the determination of the values of the static polarizability and the permanent dipole, the profile of deviation gives a picture of the orientation of the molecule due to the electric field in the deviator. Moreover, as this has already been shown with four-wire alternate electrical fields [9] , it is also possible to use such experimental set up to select a rotational state of the molecule. Figure 11 shows the deviation profile obtained by including the entire rotational distribution of the LiK molecules in the beam for a rotational temperature of 10 K. For this temperature and this molecule, rotational states with J < 10 are the only one with a significant population. The peaks corresponding to the low values of J (J < 6) are well separated in space. This figure shows that it is possible to use our experimental set up to select one given stark sublevel of a molecule and to perform experiments on the selected level. The rotational state selection can be applied to any molecule with dimensionless parameter ω (for ε = 1.7 × 10 7 Vm −1 ) equal or larger to that of LiK. 
Conclusion
A non perturbative approach is used to solve the problem of a polar and polarizable linear molecule in an inhomogeneous electric field, in the assumption of a rigid rotator model. Eigenenergies and eigenfunctions are obtained by diagonalizing a symmetrical pentadiagonal matrix. The derivative of the eigenenergies with respect to the electric field is evaluated using the Hellman-Feynman theorem. This calculation gives a tool to interpret and predict beam deflection experiments of polar and polarizable molecules.
Results have been presented for the three molecules LiNa, LiK and LiRb which, with respect to the problem solved here, differ mainly by the value of their permanent dipole. Simulations show that it is possible to use our experimental set up to work on selected rotational levels of the molecule.
